BALANCED METRICS AND CHOW STABILITY OF 
PROJECTIVE BUNDLES OVER KAHLER MANIFOLDS 

II 

REZA SEYYEDALI 

Abstract. In the previous article (|S]), we proved that slope sta- 
bility of a holomorphic vector bundle E over a polarized manifold 
(X, L) implies Chow stability of (FE*, O ve * (1) O TT*L k ) for k > 
if the base manifold has no nontrivial holomorphic vector field and 
admits a constant scalar curvature metric in the class of 2irci(L). 
In this article using asymptotic expansions of Bergman kernel on 
Sym d i?, we generalize the main theorem of [S] to polarizations 
(FE* , Op E - (d) <g> ir*L k ) for k >• 0, where d is a positive integer. 



1. Introduction 

In jS], we prove that if a holomorphic vector bundle E over a po- 
larized algebraic manifold (X, L) is Mumford stable and if (X, L) ad- 
mits a constant scalar curvature metric and has discrete automorphism 
group, then (FE*, £W(1) <g> vr*L fc ) is Chow stable for k > 0. The 
goal of this article is to generalize this result for the polarizations 
(FE*,OpE*(d) g) n*L k ) for positive integer d and A; > 0. More pre- 
cisely, 

Theorem 1.1. Suppose that Aut(X) is discrete and X admits a con- 
stant scalar curvature Kahler metric in the class of 2irci(L) . Let d be 
a positive integer. If E is Mumford stable, then 

(FE*,0 PE *(d)®n*L k ) 

is Chow stable for k ^> 0. 

The proof of the Theorem for general d as opposed to d — 1 needs a 
new result for the asymptotic expansion of the Bergman kernel. 

In order to prove Thm. 11.11 we use the concept of balanced metrics. 
Combining the results of Luo, Phong, Sturm and Zhang ([L], |PSlj . 
|Zhj ) on the relation between balanced metrics and stability, it suffices 
to prove the following 
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Theorem 1.2. Let X be a compact complex manifold and L — )■ X be an 
ample line bundle. Suppose that X admits a constant scalar curvature 
Kdhler metric in the class of 27rci(L) and Aut(X) is discrete. Let 
E — >■ X be a holomorphic vector bundle on X . If E is Mumford stable, 
then OpE*{d) ® 7r*L fe admits balanced metrics for k 3> 0. 

The balanced condition may be formulated in terms of Bergman 
kernels. First, we show that there exists an asymptotic expansion for 
the Bergman kernel of (Pi?*, OpE*{d) ® n*L k ). Fix a Kahler form u on 
X and a positive hermitian metric a on L such that 2<9<91ogo~ = u. For 
any positive hermitian metric g on P£ *(d), we define the sequence of 
volume forms dfi g ^ on FE* as follows 

[m + r — 1J! (m + r — j)! j! 

where w g = iddlogg. 

Let pk(g,u>) be the Bergman kernel of H°(FE*, P £*(cf)<g}7r*L fc ) with 
respect to the L 2 -inner product L 2 (g <g> cr® fe , d/x fc)9 ). We prove the fol- 
lowing theorem. 

Theorem 1.3. For any hermitian metric h on E and Kdhler form 
u G 27rci(L), i/iere exisi smooth endomorphisms Bk(h,u) such that 

Pk(g,u)([v)) = C;jtr(\ d (v,Sym d h)B k (h,cu)), 

where g is the Fubini- Study metric on OpE*(d) induced by the hermitian 
metric h, C r ^ is a constant defined by (12. ip and Xd(v, Sym d h) is an 
endomorphism of Sym d E defined in Def. \2.1[ Moreover, 

(1) There exist smooth endomorphisms Aj(/i, u) E T(X, End(Sym d E)) 
such that the following asymptotic expansion holds as k — > oo, 

B k {h, u)~k m + A x (h, bj)k m - x + .... 

(2) In particular 

r ( 1 \ 1 

Ai(h,uj) = - [AF Sym d h - —tr(AF Sym d h )I Sym d E J + -S(u)I Sym d E , 



(r + d) 

where A is the trace operator acting on (1, 1) -forms with respect 
to the Kahler form u , F s d h is the curvature of(Sym d E, Sym d h) 
R is the rank of the bundle Sym d E and S(u) is the scalar cur- 
vature of CO. 

(3) The asymptotic expansion holds in C°° . More precisely, for any 
positive integers a and p, there exists a positive constant K a ^ p ^,h 



BALANCED METRICS AND CHOW STABILITY 



3 



such that 

B k (h, u)-(k m + --- + A p (h, u)k m - p ) < K a ^ h k m - p -\ 

C a 

Moreover the expansion is uniform in the sense that there exists 
a positive integer s such that if h and u run in a bounded family 
in C s topology and u is bounded from below, then the constants 
Ka )P) u},h are bounded by a constant depending only on a and p. 

Finding balanced metrics on 0$>E*(d) ® n*L k is basically the same 
as finding solutions to the equations pk(g,oo) = Constant. Therefore 
in order to prove Thm. I1.2[ we need to solve the equations pk(g,oo) = 
Constant for k ^> 0. Now if h satisfies the Hermitian-Einstein equation 
A^FfE,h) = P-Ie, then Sym d /i satisfies a Hermitian-Einstein equation as 
well. Therefore if u has constant scalar curvature and h satisfies the 
Hermitian-Einstein equation, then Ai(h,u) is constant. Notice that 
in order to make A\ constant, existence of Hermitian-Einstein met- 
ric is not enough. We need the existence of constant scalar curvature 
Kahler metric as well. Therefore if we know that the linearization of 
A\ at {Jihe^csk) is surjective, we could construct formal solutions 
as power series in k~ x for the equation Pk(g, oS) = Constant. Unfor- 
tunately the linearization of A\ at {Jihe^csk) is only onto the sub- 
space of hermitian endomorphisms of Sym d E that are induced from 
endomorphisms of E. In order to overcome this issue, we generalize 
Theorem 1.3 to metrics of the form Sym d /i(J + A; _1 $), where h is a 
metric on E and $ is a hermitian endomorphism of Sym d E . Let g and 
#fc(3>) be the Fubini-Study metrics on pe *(g?) induced by Sym d h and 
Sym d h(I + respectively. Let pk(g,u), $) be the Bergman kernel 

of (O VE *(d) <g> n*L k ) with respect to L 2 (g k (§) <g> a® k , dp k ,g,$)i where 

(to (§\ + kcu) m ^ r ~ 1 

dp k ,g,<i> = k~ m 7 — and u gm = iddlogg k (&). 

[m + r — 1J! 

Theorem 1.4. Let h be a hermitian metric on E , $ be a hermitian 
endomorphism of Sym d E and to E 2itci(L) be a Kahler form. Then 

there exist smooth endomorphisms Bk(h,u,Q) such that 

p k (g, u, $)(H) = C~ltr(\ d (v, Sym d h(I + fc -1 $)).Bfe(/i, u, $)) , 

where g is the Fubini-Study metric on On>E*(d) induced by the hermitian 
metric h. Moreover, 

(1) There exist smooth endomorphisms Ai(h, E T(X, End(Sym d E)) 
such that the following asymptotic expansion holds as k — > oo, 

B k {h,u,<5>) ~ k m + A^u,®)^- 1 + .... 
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(2) In particular 

At(h, u, $) = A 1 (h, u) + $ - T($) 

where A 1 (h, to) is given in Theorem ] 1.3\ and T : End(Sym d E) — > 
End{Sym d E) is a bundle map defined in Def. Iff. 31 

(3) The asymptotic expansion holds in C°° . More precisely, for any 
positive integers a and p, there exists a positive constant if 0)P)W) /, 



such that 



\B k (h, u, $) - (k m + ■ ■ ■ + A p (h, u), $)k m ~ p ) 



C a 



Moreover the expansion is uniform in the sense that there exists 
a positive integer s such that if h, u> and $ run in a bounded 
family in C s topology and u and h are bounded from below, then 
the constants K a , p ^,h,<s> are bounded by a constant depending 
only on a and p. 

Next, the crucial fact is that the linearization of A\ at (h, u, Is ym <i E ) is 
surjective. This enables us to construct formal solutions as power series 
in k~ x for the equation pk{g, oS) = Constant. Therefore, for any positive 
integer q, we can construct a sequence of metrics on C PE *((i) ®it*L k 
and bases s{ k) , for H°(FE*, PE *{d)) such that 



E 



\sf\l = 1 , and J (sf\ sf) th dvol gt = D k I + M k 



where — > C r ^ as k — > oo (See 112.1 jl for definition of C r ^.), and 
Mfc is a trace-free hermitian matrix such that ||Mfe|| op = o(k~ q ~ l ) as 
k — > oo. Now [SI Theorem 4.6.] implies that we can perturb these 
almost balanced metrics to get balanced metrics. 

This article covers the following. In section 2, we review some basics 
about symmetric powers. In section 3, we prove the existence of an 
asymptotic expansions of Bergman kernels for (FE*, 0^>E*{d) ® n*L k ). 
We prove Theorem 11.31 and Theorem 11.41 in this section. Section 4 is 
devoted to construction of sequences of almost balanced metrics on 
(FE*,OpE*{d) ® 7r*L k ) using Theorem 11.41 In section 5, we prove 
Theorem 13.11 and Theorem 13.71 which guarantee that the asymptotic 
expansions obtained in Theorem 11.31 and Theorem 11.41 hold in C°°. 

We refer the reader to [S] for a history on the subject and related 
results. 

Acknowledgements: I am sincerely grateful to Richard Wentworth 
for many helpful discussions and suggestions and his continuous help, 
support and encouragement. I would also like to thank Zhiqin Lu for 
many helpful discussions and suggestions. 
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2. Preliminaries 
Let V be a complex vector space of dimension r. We define 

Sym'V = V m / ~, 

where 

f i <8) • • • ® v d ~ w CT (i) ® • • • (g) ^(d) 

for any er G S^. We simply denote the class of V\ <E> • • • <8> Vd in Sym'V 
by di . . . v d - 

Any hermitian inner product h onV defines a hermitian inner prod- 
uct Sym d /i on Sym'V by 

<V 1 ...V d ,W 1 ...W d > Sym d h = ^^2< V^Wafi) > ■■■ <v d , w a{d) > . 

' o-es d 

Lemma 2.1. Let ei, . . . ,e r be a basis for V , then 

r 

{e\ 1 ...e?\0<i a <d,J2jc. = d} 

a=l 

forms a basis for Sym d V . Moreover, if the basis e\,...,e r is an or- 
thonormal basis with respect to h, then 

<ei 1 ...e|r,ej 1 ...ejr > Sym n h =0 if (ii, . . . , i r ) ^ • • • , jr), 

I, n i r 1 1 2 _ ?l! • • - tr - 
IFl • • - c r \\Sym d h ^| ' 

where H, ■ ■ ■ ,i r ,ji, ■ ■ ■ ,j r are integers such that < i a ,j a < d and 
Ea=l * a = E«=i = ^- 

Definition 2.1. For any hermitian inner product if on Sym'V and v G 
V, define an endomorphism \d(v, H) of Sym'V by 

X d (v,H) = \v d \~^Vd®v* d H , 

where Vd — v . . . v. For any hermitian inner product H on Sym'V and 
v* G V*, define an endomorphism X d (v*,H) of Sym'V by 

X d (v*,H) = \w\~^w®w* H , 

where w is the unique vector in Sym'V satisfying 

v d (u) = {u,w)h \/u G Sym'V. 

There is a natural isomorphism between Sym'V and H°(PV*, Opy* (d)) 
which sends v 1 ...v d e Sym'V to vf^Vd G H°(FV*, O vv * (d)) defined 
by 

vT^v d ([v*])(wl <g> • • • <g> w* d ) = W^Vx) . ..w* d (v d ), 
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where wl G V* and there exist complex numbers Xi, . . . ,X d such that 
w* = \v*. Notice that 

v^7v d {[v*]){w\ ® ■■■®w* d ) = Ai . . . X d v*(vi) . . .v*(v d ) 

and therefore it is a well-defined section of 0^v*{d). 

For any hermitian inner product H on Sym c V, define a metric H on 
Opv*(d) by 

, . . . v® d (s)v®' i (t) 



\V . . .V 



H 



Note that originally H is a hermitian inner product on Sym^V^ and 
v . . . v G Sym^*. However, the hermitian inner product H induces a 
hermitian inner product on Sym'V* which we denote it by H as well. 
In particular 

r . v® d (s)v® d (t) 
(s,t) —~r M = , \ ,, ■ 

The following lemma is straightforward. 

Lemma 2.2. For any hermitian inner product h on V , we have 

h m = Sy~n7h. 

Lemma 2.3. There exists a constant C T)d such that for any v,w G 
Sym d V and any hermitian inner product h on V , 

-i f U V 

d" / \V,w)h9*7- TV, = C r,d( V , W )sym d h, 

JPV* V ~ L )- 

where = iddlogh. The constant C r ^ d is given by the following for- 
mula 



(2.1) a 



r,d 



d£Ad£ 



/Cr-l (l + ESl^l 2 )^' 

Here d£Ad£= (y/=ld£i A dQ A • • • A (-/^Tdfr-i A d£ r ^). 

Conversely, let H be a hermitian inner product on Sym d V . Suppose 
there exists a constant C such that 

( v > w }h7Z 7TT = C(v,w) H , 

ipv* v ~ l )- 



for any v,w G Sym d V. Then there exists a hermitian inner product h 
on V such that H = Sym d h. 



BALANCED METRICS AND CHOW STABILITY 7 

Proof. The first part is a straightforward computation. For the second 
part, suppose that H is a hermitian inner product on Sym d V satisfying 

r-1 

(v-^gT: 7T7 = C(v,w) H , 

/py* v ~~ i / ! 

for any v,w E SynrV. Let t>i,...-UR be an orthonormal basis for 
SynrV with respect to H . For any e* G V*, we have 



On the other hand 

/ ^' "jv^T: 7T7 = C'W' = C5 H- 

Jpv* V ~ L )- 

Therefore if is a balanced metric on (¥V*,Opv*(d)). It concludes 
the proof since balanced metrics on (PV*, Opy* (d)) are unique up to 
Aut{FV*,0 PV *{d)) = PGL(V). 

□ 

There is a canonical representation of Sym d : GL(V) — > GL(Sym d V) 
defined as follows: 

(Sym d A)(v 1 ...v d ) = Av 1 . . . Av d , 

where A G GL(V) and v±,...,Vd G V. This induces a Lie algebra 
homomorphism S d : End(V) ->■ £W(SynrV) defined by 

(2.2) (S d A)( Vl ... Ud ) = J^...^...^ 

i=l 

for any A G End(V). Suppose that the vector space V is equipped with 
a hermitian inner product. Then the Lie algebra homomorphism S d 
maps hermitian endomorphisms to hermitian endomorphisms. More 
precisely, we have the following. 

Lemma 2.4. Let h be a hermitian inner product on V. We denote the 
space of hermitian endomorphisms of V with respect to h by Endh{V) 
and the space of hermitian endomorphisms of Sym d V with respect to 
Sym d h by Endh(Sym d V). Then 

S d (End h (V)) C End h (Sym d V). 

Let E be a holomorphic vector bundle over a Kahler manifold (X, u) 
and h be a hermitian metric on E. Then straightforward computation 
shows that 
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where F^q e ^ is the curvature of the chern connection on (E,h). A 
direct consequence of the above formula is the following: 

Proposition 2.5. Let Hue be a Hermitian- Einstein metric on E with 
respect to 00, i.e. A w Fh HE = /jlIe- Then Sym d hHE is a Hermitian- 
Einstein metric on Sym d E with respect to 00. 

3. Asymptotic Expansion 

The goal of this section is to give an asymptotic expansion for the 
Bergman kernel of (FE*, ¥E *(d) <g> n*L k ). 

Let (X, u) be a Kahler manifold of dimension m and £ be a holo- 
morphic vector bundle on X of rank r. Let L be an ample line bundle 
on X endowed with a hermitian metric a such that iddXo'go = u. For 
any hermitian metric h on E , we define the volume form 



(r — 1)! ml ' 

where g = Sjm d h = h® d , u g = idd log g = didd log h and 71 : FE* — > X 
is the projection map. The goal is to find an asymptotic expansion for 
the Bergman kernel of O^E*{d) <8> L k — > FE* with respect to the L 2 - 
metric defined on H°(FE*, ¥E *{d) ® n*L k ). We define the L 2 - metric 
using the fibre metric g <g> a® fc and the volume form d\i g ^ defined as 
follows 

(dl 4- hui\ m+r - 1 u m+r-l~j j 

(3.1) dfl gk = fc-^ K + M = yy-m^ A " 

v ; (m + r-1)! ^ (m + r-j)\ j\ 

In order to do that, we reduce the problem to the problem of Bergman 
kernel asymptotics on Sym d .E ® L k — > X. The first step is to use the 
volume form d[i g which is a product volume form instead of the more 
complicated one d[i g ^. So, we replace the volume form d[i g ^ with d[i g 
and the fibre metric g®a k with g(k) Cg> o~ k , where the metrics g(k) are 
defined on OpE*(d) by 

m 

(3.2) g(k) = k~ m (Yl kj h)9 = (U + ^Vm-i + ■■■ + k~ m f )g, 

j=0 

and 

(3-3) A % = fjdflg. 

v 1 (m + r-j)\ j\ 3 9 

Clearly the L 2 -inner products L 2 (g®a k , d/ig^) and L 2 (g(k)<g>a k , d/i g ) on 
H°(FE*, Of>E*{d) <8> -n*L k ) are the same. The second step is going from 
Op E *{d) — > FE* to Sym d E — > X. In order to do this we somehow push 
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forward the metric g(k) to get a metric g(k) on Sym d E (See Definition 
13. 2p . Then we can apply the result on the asymptotics of the Bergman 
kernel on Sym d E. The last step is to use this to get the result. 

Definition 3.1. Let s^, be an orthonormal basis for H°(FE*, OpE*(d)(. 
7c*L k ) with respect to L 2 (g <g> a k , dfi k>g ). We define 

N ^ 

(3-4) PkM = '£\s*\ 2 g9ffh . 

i=l 

Definition 3.2. For any hermitian form g on OpE*{d), we define a her- 
mitian form 7j on SynT^E 1 as follow 

(3-5) 9{s,t) = C-Jif g(t,t)-^r- v 



for s,t G Sym E^. (See (12.11) for definition of C^.) 

Notice that if g = Sym d h for some hermitian metric h on E, Lemma 
12.31 implies that g = Sym d h. Define hermitian metrics g^s on Sym d E 
by 

(3-6) gfat) = C~l [ 

JVE* V r ~ 1 )- 

for s,t e Sym d E x . Also we define ^ e End(Sym d E) by 
(3.7) fl^Sym^, 

If fa and u; vary in bounded family, then ^'s vary in a bounded 
family. More precisely, we have the following 

Theorem 3.1. Let uq be a fixed Kahler form on X and ho be a fixed 
hermitian metric on E. For any positive numbers I and I' and any 
positive integer p, there exists a positive number Ciy# such that if 

IMIc*(mO, \\h\\cp+z{h ,v Q ) < I and mf \u(x) m \ uo(x) > I', 

then ||*i||c*(Ao,i/o) < Q,i'&> f or an V 1 < i < m. 

We prove Theorem 13. II in Section 5. 
Lemma 3.2. We have the following 

(1) ^ m = hym d E- 

( 2 ) = 7^j{ AF Sym«h+tr{^Fh)I Sym «E 
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Proof. Fix a point p G X. Let e±, ...,e r be a local holomorphic frame 
for E around p such that 

(ei, ej) h (p) = Sij, d{ei, ej) h (p) = 0. 

For simplicity, we assume that 

/wi ••• 0\ 



2vr 



w 2 



\0 







Let Ai,...,A r be the homogeneous coordinates on the fibre. At the 
fixed point p, we have 



Therefore, 



Hence 



u g = d(u FSth + 



u* g A c™- 1 = dw-i A ( 



E^ 




2 


El 


Ail 


2 



E^ 


I A, 


2 


El 


K\ 


2 



)A 



CO 



m—1 



EIA, 


| 2 A^i 


E W 


2 



/m-1 — d 

Let cti, . . . , a r be nonnegative integers such that ol\ + • • • + a r — d. 
Therefore, 





2 


Ai 


2ai 


A r 


2Q "dA A rfA 


(i + EJ=I 


A .|2)r+d+l 



! r!ai!...a r 

- ( r.,/ ( r 



Hence, 



(r + d)! 



□ 



The following lemmas are straightforward. 
Lemma 3.3. <? <8> a k — g eg) a k . 
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Lemma 3.4. Let H be a hermitian metric on Sym d E and s±, be 
a basis for H°(X, Sym d E). Then 

Y,\U[v*\)\\ = Tr(B\ d {v\H)), 

where B = s i ® s* H . 

Proof of Theorem \1.3l Define 

r-l 
_9 

d/ig (r - 1)! 
i.e. for any x G X and s, t G Sym d E X} we have 



(3-8) M-Cfr.^^), 



M m = c;j I (s,t) d ^ k 



9 dft g (r-l)!' 



Therefore (13TT]) . Q and (E2D imply that 

(3.9) fc(fc) = ]T = SynA(^ 

Let Bk(h(k),uj) be the Bergman kernel of Sym d E <g> L fe with respect to 
the L 2 -metric defined by the hermitian metric h(k)®a k on Sym d E®L k 
and the volume form ^-j on X. Therefore, if Si, sjv is an orthonormal 
basis for H°(X, Sym d E g> L fc ) with respect to the L 2 (/i(£;) g> cx fc , g), 
then 

(3.10) B k (h(k),u) = J2 s i® s* Hk) ®" k , 
We define B k (h,uj) as follows: 

(3.11) B k (h,u) = Y,Si®s* s ^ dh ®° k . 

Let si,....,s/v be the corresponding basis for H°(FE*,OpE*(d) <g> L fc ). 
Hence, 

/ ( s it s j) g®a k df^g,k = I ( s ii S j)g®a k ( / .^fjjdflg 
JVE* JVE* _q 

(i5j, Sj) g(k)®a k dfJjg 



VE* 



r [/ \ um 

^r,d / \ s ii s jl h(k)®o k T 
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Therefore -k — s\, i — sn is an orthonormal basis for ^{FE*, O^e* 
L h ) with respect to L 2 (g £g> a , dfi k)g ). Hence Lemma [3.41 implies that 

C r ,dPk{g,u) = Tr(\ d (v*,Sym d h)B k (h,u)). 

Now, in order to conclude the proof, it suffices to show that there exist 
smooth endomorphisms Ai £ T(X, End(Sym d E)) such that 

B k (h,u)~k m + A l k m - 1 + .... 

Let -Bfc(Sym d /i, to) be the Bergman kernel of Sym d E ® L k with respect 
to the L 2 (Sym ft ® a k , ^). A fundamental result on the asymptotics 
of the Bergman kernel ([C]. [Z], |Luj . |W] ) states that there exists an 
asymptotic expansion 

B k (Sjm d h,u) ~ fc m + S 1 (Sym d /i)ife rn - 1 + . . . , 

where 

d i 1 
£i(Sym ft,) = — AF (Sym d E)Syml!ft) + -SV) J s y m d ,E- 

(See also [BBS].) Moreover this expansion holds uniformly for any ft 
in a bounded family Therefore, we can Taylor expand the coefficients 
5j(Sym d ft)'s. We conclude that for endomorphisms $i, $m, 

m 

B k (Sym d h{I + J2k~%),u) ~k m + B 1 (Sym d h)kr r - 1 + .... 

Note that 73i(Sym d ft) in the above expansion does not depend on $,'s 
and is given as before by 

I I 
£i(Sym ft) = — AF (Sym d BSymI i h) + -S(u)I Sym d E . 

On the other hand 

m 

B k (h(k),u) = £ ® s ;^-* = ® ^ w x]r k j ~ m ^j) 

3=0 

m 

= J B fe (ft,a;)(^F- m vl/ j ). 

3=0 

Therefore, 

m 

5 fc (Sym d ft,u;) = B k (h(k),ou) fc J ' -m * J -)~ 1 

3=0 

~ fc m + (5i(Sym d ft) - ^-x)^- 1 + . . . . 
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We have 

it 1 id 

27 r(r + d) KF ^ dh + 2 S{u)Is ^ dE ~ 2n(r + d) tr{AFh)Is y m 

MFTd)( AF ^ ~ rank(Sym'g) tr(AJ ^ )J ) + 2 S( " 

Notice that Theorem 13.11 implies that if h and a; vary in a bounded 
family and u; is bounded from below, then ^i, .., vary in a bounded 
family. Therefore the asymptotic expansion that we obtained for B%.(h, u) 
is uniform as long as h and oj vary in a bounded family and u is bounded 
from below. 

□ 



Bl - ^ m -l = 

(3.12) 



Suppose that E admits a Hermitian-Einstein metric Hhe and (X, L) 
admits a constant scalar curvature Kahler metric ucsck- If the lin- 
earization of A\ at {Hhe-, ucsck) were surjective, then we would be able 
to construct sequences of almost balanced metrics. The problem is that 
the image of the linearization of A\ consists only those endomorphisms 
of Sym d E that are induced from endomorphisms of E. Therefore we 
need to generalize Theorem 11.31 . 

Let $ G r(End(Sym <l! £')) be hermitian with respect to Sym d h. As 
before, let g be the Fubini-Study metric on G VE *(d) induced by the 
hermitian metric h. Define hermitian metrics 

(3.13) = SynA(J + t$) and g k ($) = h^) 

on Sym d E and 0^ E *{d) respectively. We define the function e 

C°°{¥E*) by 



^)(M) = INC-4 



t=o 

j 

Sym a h 



II 2 

v d\\ht($)i 



veE* 



Here v d = v . . . v and note that | |t>d| ls vmd/) = \\v \\1 d . Simple calculations 
show that 

(3.14) F($)([v\) = tr(X d (v, Sym d /i)$). 



(3.15) ^-^(H) = 1 + A; _1 F($) + 0(k~ 2 ). 

9 

Thus, 

(3.16) w 9fc(<1>) = idd\ogg h {<$>) =io g + k-H8dF($) + 0(k- 2 ). 
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We define the volume forms dfi g ^^ on FE* as follows 

(3.17) ^ = k -J^l±M^l. 

[m + r — lj! 

For any smooth function F G C°°(P-E'*), define 

(r - l)i<9<9F A u^" 2 A u m 
AF = 9 - . 

Therefore ([S3]), (ETT5j) and (gUSD imply that 

(3.18) g k ($)d f i g ,*, k = (l+r 1 (/ m _ 1 +F($)+AF($))+0(r 2 ))# J . 

r — 1 

Recall that cf/i 9 = ^ziji A 

Definition 3.3. Define the bundle map T : End(Sym d £) -> End(Sym d £) 
by 

f* T — 1 

(3.19) (S, (T$)(t))sym<h = C rj / (^(*) + AF(*)) * l,/^! , 

for any i6l and s, t G Sym ii^. 

We will use the following Lemmas in the proof of Corollary 13.91 

Lemma 3.5. For any $ G T (End(Sym d E)) hermitian with respect to 
Sym d h, we have Tr(T$) = Tr($). 

Proof. Let ei, . . . e r be an orthonormal local frame for F with respect 
to ft and i£j be the corresponding orthonormal local frame for Sym d E 
with respect to Sym d h. We have 



Tr(T^>) = J2(Ei,(T<t>)(E I )) Symdh = J2C~ 1 d I (F + AF)(E I ,E I ) 

j j J Fiber 

= C;}f (F + AF^lEAlj^ 

./Fiber j V ~ l ) 



9 (r- 

,r-l 



/ i r - 1 



On the other hand, ( 13. 14ft implies that 



I'ii..'] i r — I)' 

J Fiber {r-l)\ 



r-1 
9 ' 
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□ 

Lemma 3.6. For any <p £ T(End(E)), we have T(S d <p) = S d <p. Con- 
versely, if T$ = $ for some $ £ T (End(Sym d E)) , then there exists 
<p £ T(End(E)) such that $ = S d ip. (See (12. 2p for definition of Lie 
algebra homomorphim S d .) 

Proof. The equations (13.151) and (13.161) imply that 

g k m^) = (l + k~ l (F{9) + AF($)) + 0(AT 2 ))^ 
Therefore 

r—1 r—1 

[ ( ? »*>«*W^W= / (l+(W + AF($))^ + 0(A;- 2 ))(s^) g?; ^— 
Jpb* i^r— ij! j P£; , \ / i^r — ij! 

= / ^^77^ + ^/ (^(*)+AF(<&))<? ) ?) " 

+ 0(£T 2 ). 
Lemma 12.31 and (13.191) imply that 

C;} / (Si*W)7-^ = (M^'/tH* - ^, (T$)(t)) Symd/l +0(A;- 2 ), 
since (7 = Sym d /?,. On the other hand, Lemma [2.31 implies that 

r—1 

C r ,d / ( S )*)sfc(*)7~ 7TT = { S y^)sym d h(I+k- 1 ^) 
JPE* V ~ 1 >- 

if and only if there exists ip £ r(End(i?)) such that $ = S d ip>. This 
concludes the proof. 

□ 

Definition 3.4. Let h be a hermitian metric on E and $ £ r(End(Sym d .E)) 
be hermitian with respect to Sym d h. We define 

p k (g, to, $) := p k (gk(®), w) = Pfe(Sym d /i(J + fc- 1 *), w), 

where (7 = Sym d /t. 

In order to prove Theorem II A\ we need to find an asymptotic expan- 
sion for the Bergman kernel p k (g,u,§) := p k (g k ($>),u). By definition 
Pk{g, oj, $) is the Bergman kernel of O^e* (d) ®L k ^t WE* with respect 
to the inner product L 2 (g k ($),dp gik ,4>) defined on H°(J?E* ,0^ E *{d) <g> 
■K*L k ). Clearly the L 2 - inner products L 2 (g k (&), dp,g tk ,<s>) and L 2 (g k (&) ^aA* ; rf^) 
are the same. Therefore we can replace the complicated volume form 



16 REZA SEYYEDALI 

d/ig } k,<!> by the product volume form d\i g and the fibre metric <8> cr k 

with -^f- gk($) ® ° k - Then we push forward the metric 9k{®) -^f- 

to get a metric h(k,<f>) on Sym d .E (See Definition 13.51) . In order to 
conclude the theorem, we apply the result on the asymptotics of the 
Bergman kernel on Sym d E to the metric h(k, $). 

Definition 3.5. We define the hermitian metric h(k, $) on Sym d E as 
follows: 

(3.20) ft( ,, $ ) = C -V,( ftW ^^), 

i.e. for any x E X and s, t £ Sym E x , we have 

(S,t)h(fc,») = <~V,d / (S,t) Sfc ($)— T- T- 7TT. 

If /i, w and $ vary in a bounded family, then the metrics h(k, $) 
vary in a bounded family. More precisely, we have the following. 

Theorem 3.7. Let u be a fixed Kdhler form on X and ho be a fixed 
hermitian metric on E. For any positive numbers I and I' and any 
positive integer p, there exists a positive number Ci^ iP such that if 

IMIc*p(i/ ) ? \ \h\\cp+ 2 (h ,v )-, \ \§\\cv+ 2 (h ,v ) < I and 

inf \\h(x)\\ ho(x) , mf \u(x) m \ Mx) > I', 

then \\h(k,$)\\cp(hoM>) - C U',p> f or k > °- 
We prove Theorem 13.71 in Section 5. 



Proof of Theorem Tlf., Recall that 



h(k,<S>) = C^(g k ($) 



dflg,k,$ U g 



r-1 



dfig (r - 1 

Therefore lETS]) . (1377)1 . ( 13TT81) and (137151) imply that 

h(k, $) = Sym d h(I + k~ l (T($) + * m _0 + 0(A;- 2 )). 

Let Bk(h(k,Q),u) be the Bergman kernel of Sym^-E <g> L fc with re- 
spect to the L 2 -metric defined by the hermitian metric h(k, $) <g) cr fe on 
Sym^i? (g) L fc and the volume form ^ on X. Therefore, if Si,...,sjv 
is an orthonormal basis for H°(X, Sym d E £g> L fc ) with respect to the 
metric L 2 (h(k) ® a fc , ^), then 

(3.21) B k (h(k, W ) = J~ * <g> s* h{k ^\ 
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We define B k (h,u, $) as follow 

(3.22) B k {h, w, = ® s* 5 ^ 1 ^- 1 ^" . 

Let s~i,....,sn be the corresponding basis for H°(¥E*,Op E *(d) <g> L k ). 
Hence, 

= C r d / Sj) Mk &^pk - 
Therefore i — Si, i — g/v is an ortho normal basis for H°(FE*, O^E*{d)( 

\/Cr,d \/Cr,d 



L k ) with respect to L 2 (g k (§) eg) a k ,d^ g ^ tk ). Hence, 

C r>d Pk{g,®,u) = C rjd p k (g k ($),u) = ^2 \M 
and therefore Lemma 13.41 implies that 

p k (g, $, u)([v)) = C- l d tr(\ d {v, Sjm d h(I + k~ l ^))B k {h, u, $)). 

In order to conclude the proof, it suffices to show that there exist 
smooth endomorphisms Ai(h, u, $) G r(X, End(Sym d E)) such that 

B k (h,u,$) ~ fc m + A 1 (/i,u;,$)A: m - 1 + .... 

The same argument as in the proof of Theorem 1 1 . 31 implies that there 
exist smooth endomorphisms Bi G r(X, End(Sym d E)) such that 

B k (h(k, $), w) ~ fc m + Ex^" 1 + . . . , 

where the first coefficient Bi is given by 



12 

lflfc(*) 



(3.23) ^(Sym'/i) = — AF^^ + -S(u;)/ SymdE . 

On the other hand 
J B fc (/i(A;,<|.),u;) = ^ S ,® s ; Mfc -* )8CTfc 

= * ® S * Symd,l(/+fc - ls) ^ fc (/ + rt)^/ + fc -1 (T<& + * m _0 + . . . 

= B fe (/i, w, $)(/ + A;- 1 ^)- 1 ^ + k~ x (T^ + * m _0 + ...). 

Therefore, 

w, $) = B k (h(k, + k-\T<S> + * m _0 + 0(/c _2 )) _1 (J + Ar x $) 

= B k (h(k, $), w)(J + fc" 1 ^ - T$ - * m _ x ) + 0(AT 2 )) 
~ A; m + (Si - # m _x + $ - T$) A; m_1 + . . . . 
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Hence (13. 12ft imply that 



XT { \ 

+ -S(u)I + $ - T$ = ^(/i, w) + $ - T$. 

Notice that Theorem 13 . 71 implies that if h, $ and u vary in a bounded 
family and u, h are bounded from below, then the metrics h(k, $) vary 
in a bounded family. Thus the asymptotic expansion that we obtained 
for Bk(h,u,§) is uniform as long as h, $ and u vary in a bounded 
family and u and /i are bounded from below. 

□ 

Proposition 3.8. Suppose that G 2tcci(L) be a Kahler form with 
constant scalar curvature and huE be a Hermitian- Einstein metric on 
E, i.e. A^F^e^he) = \iIe, where fi is the Uoq— slope of the bundle E. 
We have 

Ai,i{<p, V, $) := j t t= Mh HE {I E + tip), ^ + itddrj, I Sym d E + t$) 

- ^MSX^ + AL(^ B A iddrj))) + $ - T$, 

where T>*T> is Lichnerowicz operator (cf. [Dj Page 515] ) and R is the 
rank of the vector bundle Sym d E. 

Proof. Define f(t) = A UJoo+i to dv F (Sym"h HE {i+ts^))- Therefore, we have 

mF {Sym 4 hBB{I+tsdv)) A ( Wdo + ^M?)™" 1 = /(t)( Woo + 
Differentiating with respect to t at t = 0, we obtain 

m S%AC 1 +™(m-l)V%E A (^) A C 2 = /'(0X+m/(0)(z^)Aa;r 1 
Since /(0) = ///e, we get 

/'(0) = ^h^mp + AljF SymdhHE A (iMy)) - ^Jiddrj)^. 
On the other hand (cf. [Dl pp. 515, 516].) 
d 



oo 



^(woo + itddrj) = V*V V . 
t=o 



□ 
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Corollary 3.9. Suppose that Aut(X, L)/C* is discrete and E is stable. 
Then the map 

A x ,\ : T(End(E)) © C°°(X) © T(End(Sym d E)) T (End(Sym d E)) 

is surjective, where T (End(Sym d E)) is the space of smooth hermit- 
ian (with respect to Sym d huE) endomorphisms \l/ of Sym d E satisfying 
J x tr^)uZ = 0. 

Proof. In this proof we let F = ^(e^he) anc ^ ^ = Define the 

bundle map f : End(Svm d £) ->■ End(Sym d £) by T$ = $ - T$. 
Lemma [3.61 implies that ker(T) = S d (End(E)). Therefore ker(T) and 
Im(T) are smooth subbundles of End(Sym d E) and as smooth bundles, 
we have 

End(Sjm d E) = ker(T) © Im(T). 

Let * G T (End(Sym d E)). There exist tf 2 G ker(f ) and ^ 2 G im(T) 
such that \I/ = + ^2- Hence there exists $ G r(.En<i(Sym d .E)) such 
that 

(3.24) ^ 2 = T($ ) = $ -T$ . 

We know that the map r\ G — > T>*T>r] G is surjective since 
Aut(X, L)/C* is discrete (cf. (Dj, pp. 515, 516]). Thus, we can find 
770 e C°°{X) such that V*Vr) = ^tr(tf). Note that Lemma [33] and 
( BHD) imply that 

= -*r(*) = -ir(*i). 

On the other hand 

^(A 2 (FAz9^ )-4 tr ( A2 ( FA ^o))-^i + 4 tr (^i) G F (S d End(E)). 
The map 

y? G r Q (£nd(£)) -» ^Addip G r (£nd(£)) 

is surjective since .E is simple (cf. [K]). Therefore, there exists <y9 G 
T(End(E)) such that 

--^-S d Addip = ^(A 2 {FAWdr ]o )-^tr{A 2 (FAiddr] ))-^ 1 +^-tr{^ 1 ). 

Z7T Z7T -R R 

This together with (I3.24p imply that 

A^Oo^o, $0) = 
Note that tr (^S d Ad<9^ ) = 0. 

□ 
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4. Constructing Almost Balanced Metrics 

Let o"oo be a hermitian metric on L such that Woo = iddloga^ is 
a Kahler form with constant scalar curvature. Let /ire be the corre- 
sponding Hermitian-Einstein metric on E, i.e. 

A Woo -F (£ ; i/lHE ) = fiI E , 

where \i is the slope of the bundle E. Define 

(4.1) lu = idd log Sym d /i H E = diddloghnE- 

After tensoring by high power of L, we can assume without loss of 
generality that Uq is a Kahler form on FE*. We fix an integer a > 4. 
In order to prove the following, we use ideas introduced by Donaldson 
in ([Dj Theorem 26]) 

Theorem 4.1. Suppose Aut(X,L) is discrete. There exist smooth 
functions rji, r]2, ■■■ on X , smooth endomorphisms (fi, y?2, • • • of E and 
$i, $2, ••• smooth endomorphisms of Sym d E such that for any positive 
integer q if 

i 

Vk, g = Woo + idd(^2 k ~ 3 Vj)> 
i=i 
i 

h k ,q = h HE (I E + 22 k ~ 3( Pj) 
i=i 

and 

<? 

then 



(4.2) S fe (/i fcj9) $ M ) = -J (/^s + 

w/iere \\5 q \\ C a+2 = 0(k~ q ~ 1 ). Here V k = Vol(FE*,0 PE *(d) ® L k ) and 
Xk = h°(FE*, Op E *(d) <S) L k ) are topological invariants. 

Proof. The error term in the asymptotic expansion is uniformly bounded 
in C a+2 for all h, $ and u varying in a bounded family. Therefore there 
exists a positive integer s depends only on p and q such that 

<? 

(4.3) A p (h{l + (f),u + iddi], I + $) = A p (h, u, I) + ^ A P)j {ip, r), $) 

+o(iK^,$)ir c t 1 ), 



BALANCED METRICS AND CHOW STABILITY 



21 



where A p j are homogeneous polynomials of degree j , depending on h 
and u, in , 77 and $ and its covariant derivatives. Let <pi, . . . , <p q be 
smooth endomorphisms of E, $1, . . . , $ g be smooth endomorphisms of 
Syru^E" and 771, . . . , rj q be smooth functions on X. We have 
9 9 9 

(4.4) A p (h(l + + idd(J2 k ~ jr Jj), J + J2 k ~ j ®^ 

j=i j=i j=i 

9 

= A p (h, co,I) + J2 b P,j k ' j + O^- 1 ), 
i=i 

where & p ,/s are multi linear expression on <£>j, $j's and r^'s. Hence 
9 99 

(4.5) + ^ w + zdd(J2 k ~ j Vj), I + Yl k ~ j ®o) 

j=i j=i j=i 

= k m + A 1 (h J oo,I)k m - 1 + .... 

+ (A q (h,u, I) + 6 ff _i,i + ... + b ltq ^)k m ^ + 0(A; m_9_1 ). 

We need to choose (fj, $j and 77^ such that coefficients of k m , ...k m ~ q in 
the right hand side of (14. 5p are constant. Donaldson's key observation 
is that rj p , (p p and $ p only appear in the coefficient of k m ~ p in the form 
of Ai^(ip p , rjp, <3>p). Hence, we can do this inductively. Assume that we 
choose 771, 772, . . . , 77p_i , <^i, <P2,---, <P P -i and $1, $ 2 , • • • , so tnat 
the coefficients of k m , ...k m ~ p+1 are constant. Now we need to choose 
rj p , (fp and <& p such that the coefficient of k m ~ p is constant. This means 
that we need to solve the equation 

(4-6) A h i((p p , r] p , %) - c p I Syia d E = Pp- h 

for ip p , §p,ri P and the constant c p . In this equation P p -i is determined 
by <fi, . . . , (fp-1 $1, . . . , and 771, ... , 77^-1- Corollary 13.91 implies 
that we can always solve the equation (14. 6p . 

□ 

Corollary 4.2. For any positive integer q, there exist hermitian met- 
rics gk, q on OpE*(d) and Kahler forms Vk,q on X in the class of2irci(L) 
so that 

k m Nk 

Pk(9k,g, Vk,q) = —T} (1 + £k,q), 

Vk 

where ||efc, 9 ||c a + 2 = 0{k^ q ^ 1 ). Moreover, 

(4.7) \\ug Kq + kv k , q - (u + fcwQo)||c«(uo+*w<») = °( fc_1 )> 

where oj gk = idd\ogg^ q , u is defined by (14. ip andu^ is the constant 
scalar curvature Kahler metric in the class of 2irc\{L) . 
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Proof. Let Hk, q = Sym d hk, q {I + A; _1 $fc ig ) and gk, q = Hk, q - Lemma I3T41 
and Theorem 14.11 imply that 

Pk(gk,q, Vk,q) = rz~ ^ Tr ( X d( v *, Hk,q)(Isym d E + S l)) 

= j^(l+Tr(X d (v*,H k , q )5 q ))). 

It concludes the first part of corollary, since Hf, q is bounded and 
\\5k, q \\c^ = 0{k-o- 1 ). ' 

For the second part, define uJq = cu + ku^ and g' k = §ym d h kq . 
Notice that g Kq = g' k , q (^k, q ) (cf. (E3D )- Now (ETT3|) implies that 

F($ M ) = tr(A d $ M ) = *r(A d (J+A;- 1 $ 1 +. . . )) = l+AT^O+O^- 2 )- 
Therefore (13 . 15[) shows that 

^ = l + Jfc- a F(* 1 ) + 0(*T 8 ). 
9k, q 

Hence 

- "V M = -Ar-^F^O + 0(fc- 3 ), 
which implies that ||w 9fcg — J|o(u> ) = 0{k~ 2 ). Thus, 

< ll W 9fc, 9 - W 4jlc«(^) + I Km ~~ W o||o(S5) + - Woollen 

< ll W 9fc, g ~ ^J|c a (w ) + ~ W o||c a (w ) + _ ^oollc^fcwoo) 



CK/iT 1 ). 



Notice that by definition, we have 

IK*,, ~ uoWc^) = O^k- 1 ), 

\Wk,q — ^oo||c a (ajoo) = 0(k~ ). 

5. Proof of Theorem 13.11 and 13.71 



□ 



The goal of this section is to prove theorem 13. II and Theorem 13.71 In 
this section, we fix a background metric ho on E and a Kahler form vq 
on X. We denote the chern connections on E and Sym d F with respect 
to ho and Sym d ho by V. All norms are with respect to ho, Sym d /io and 
vq. In this section we use the multi-index notation as follows: 

For a multi-index / = (z 1; . . . ,i r ), define |/| = i\ + ■ ■ ■ + i r and 
A 7 = A^ 1 . . . A* r . Let h be a hermitian metric on E and ei, . . . , e r be a 
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local holomorphic frame for E. We define hij = {ei,ej)h and denote 
the inverse of the matrix (h^) by (h^). The hermitian metric h on 
E induces a hermitian metric Sym d h on Sym d E. Any multi-index 
/ = (zi, . . . ,i r ) such that |/| = d defines a local holomorphic section 
e 1 = e l i . . . e l r r and the set {e 7 ||J| = d} is a holomorphic local frame for 
Sym d E. Define hu = (e 7 , e J ) Sym d h and as before the matrix (h IJ ) is 
the inverse of the matrix (hu). 

Definition 5.1. A smooth function / on FE* is called homogenous of 
order k with respect to the hermitian metric h if there exists a local 
holomorphic frame e = (ei, . . . , e r ) on E and smooth functions /jj on 
X such that 

-j 



/(A) 



where Ai, . . . A r are the homogenous coordinates on the fibres with re- 
spect to the local frame e. We define ||/|| p ,e,ft = max/j ||-F/j|| c p 

From now on, let h be a hermitian metric on E and g = $ym d h 
be the induced metric on OpE*(d). The smooth functions fx, ■ ■ ■ f m 
on FE* and smooth hermitian endomorphisms ^i,...^f m of Sym d £J 
are defined in section 3 (See (13.31) and (13. 7p ) The first step to prove 
Theorem 13 .11 is to estimate ||/i|| P) e,/i, ■ ■ ■ ||/m|| P ,e,/i- We establish such an 
estimate in Proposition 15.31 The second step is to find an upper bound 
for ||\l>j|| Pi e in terms of ||/i|| P) e- This is the content of Theorem 15.41 

The following lemma is straightforward since X is compact. 

Lemma 5.1. For any x G X , there exists a holomorphic local frame 
e±, . . . , e r on E around x such that 

(5.1) ~<\\[(e i ,e j ) ho }\\ op <2 and ||V fc ei || < C(p) k = 0,...,p, 

where C(p) is a constant depends only on p, Uq and ho. 

Lemma 5.2. (]Sl Lem. 5.2 ]) For any positive integer p there exists a 
constant C such that for any (j,j)-form r y, we have 

HV p (A J 7)IL<-7 r-T-wq (ll7llc P (,o)+l|A i 7llc P - 1 M)(Ell w ll^o))> 

where V is the connection defined with respect to u . 

Proposition 5.3. For any 1 < j 1 < m, the function fj is homogenous 
of order j with respect to h ( For definition of fj, see ( \3.3h ). 
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Moreover there exists a constant C depends only on p and m such 
that for any local holomorphic frame e = (ei, . . . e r ) satisfying ( 15. ip . we 
have 



u 



i I \ p,e,h 



< C max 





Cp+ 2 



E 

i=0 



CP 



p+1 



Proof. Let ei, e r be a local holomorphic frame for E around p. Define 
hij = {ei,ej)h and j-Fh = (Wy). Let A 1; ...,A r be the homogeneous 
coordinates on the fibre. We have 



LOg — U)FS >g + 



E^A,- 



Therefore, u^" 1 A oj m - j = 
The definition of f m -j gives 

Hence 



r + j — 1 
r — 1 



E WjjAjAj \ j 



J PS,s 

Therefore, 
which implies 

J m -jUl 

Thus, 



E h^XiXj 
E WjjAjAj \ i 



A a; 



E h^Wj 



A a; 



m-j 



./ / V E // '' A -A / 



A a; 



J / ^E h^XiX 3 



A w 



m— j 



j7 (E^aT)'' 



A a; 



E 7J A^uA 7 A^ 



(E^x^y 

There exists a constant C depends only on p and m such that 



I^jjI \cp < C max I M 



/./lie* < C , ||/i"- / 



Applying Lemma 15. 2[ we obtain 



WA^uWcp < Cmax 



C°' 



1 ||/i||^ a +||A'fi /l7 | 



cp- 



E 

i=0 



CP 
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Note that 



inf 



cu(x) 1 



sup 



UO[X) 



UJ 1 



C° 



Hence induction on p concludes the proof. 



□ 



Definition 5.2. For any smooth function / on FE*, there exists a unique 
endomorphism ^f(f) E End(Sym d E) which is hermitian with respect 
to Sym d h defined as follows: 

,r-l 



r-1 



for any x E M and s,t E Sym d E x . Here g = Sym d h is the induced 
metric on 0-pE*(d) by h. Note that we have = ^f(fi)- 

Definition 5.3. Let \I> be an endomorphism of Sym d E and e = (ei, . . . , e r ) 
be a local holomorphic coordinate on E. Then there exist local func- 
tions \&7j on X such that 

j 

We define 



1^1 



p,e 



max 



Theorem 5.4. There exists a constant C depends only on p such that 
for any local holomorphic frame e = {e\, . . . ,e r ) satisfying (15. ip and 
any smooth homogeneous function f of order k on FE* , we have 

\mf)\\cP < C\\f\\ p> e. 

The proof follows from the following lemmas. 

Lemma 5.5. There exists a constant C depends only on p such that 
for any local holomorphic frame e = (ei, . . . , e r ) and any smooth ho- 
mogeneous function f of order N on FE* , we have 

\\^{f)\\ P ,e_<C\\f\\ p , e _. 

Proof. We have 



Let Ai, 
that 



*(/)e' = X)*" eJ - 
j 

\ r be the homogeneous coordinates on the fibre. Suppose 

-./ 



/(A) 



(J2 h^\i\j) N 



2(» 
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Therefore 



*w = J /(A) 

= £/« 



(E^'A^^r-l)! 

A^aVa J cu;- 1 
(E^'AiA")^ (r-1)! 

^ JklCrlij, 



Here 



crlij 



a x aVa j c^- 1 



(E h^XiXj) d + N (r-1)!' 
An easy computation shows that IC^l/jI < 1. Thus 

H*jjIU < Cmax\\f KL \\ cP = C||/|| P) e. 



□ 



Lemma 5.6. There exists a constant C depends only on p such that 
for any local holomorphic frame e = (e 1; . . . ,e r ) satisfying (15. ip and 
smooth endomorphism ^ of Sym d E, we have 

\m\cP <C||*|| p ,e. 

Proof. We have 

^e 1 = y^^ue J . 

j 

Applying V p , we get 

v v 

i=0 J i=0 

This implies that 

p-i p 

i=0 J i=0 

Therefore, 
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p-1 



||(V p tf)e J | < ^HV^IIIlV^e 7 !! + ^^||V i ^ /J ||||V p -V 

i=0 J i=0 

i=0 J i=0 

p-1 

< cc{p)(22\\v^\\ + \v\ 



i=0 



1^1 



Thus 

Now we can conclude the lemma by induction on p. □ 
Proof of Thm. \3.1\ applying Proposition 15 . 3 1 and Theorem 15 .41 we have 
ll*i||cp = ll*(/<)llcp<C||/ i || I , 6fc 



< C max 



C" 



1 ) I \h\ \qp+2 



2=0 



\UJ\ 



p+1 



This concludes the proof. 



□ 



Let $ € r(End(Sym d i?)) be hermitian with respect to §ym d h. As in 
section 3, we can define hermitian metrics h t (&) = Sym d h(I + and 

= h k -i(Q) on Sym d E and OpE*(d). In the rest of this section 
C denotes a constant depends only on p, d, m, r, z/ and ho that might 
change from line to line. 

Lemma 5.7. There exists a constant C depends only on p,d,m,r,VQ 
and h such that 



9 



cp <CM\cA\h\\Uif x ||%)lk(^ 



-2d 



for k > ||$||c*. 

Proof. A straightforward computation Shows that 

oo 

<! ^(-l)^-^r(A d $ l ). 



9km 



i=Q 
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Let ei, . . . e r be a holomorphic local frame for E satisfying (15. ip . Sup- 
pose that Qe 1 = 



then 



tr(X d <f> Q ) 



Therefore 



\tr(\ d $ a )\\ CP <C a \\<$>\\% P sup\\hij\\ CP sup ||^ 

u u 



IJ\\2 
C° 



< C a \\<t>\ 



\( 'Hi'Mirw^inf \\h(x)\\ ho ( x )) 2d . 



Therefore 



9 



Cf 



<X>~ii^( A ^)iicp 



i=i 



< 



CP I 



inf HM^Ikw 



,-2d 



CP 



i=l 



cpijnf ||/i(x)iu o(x) ; 





|$ 


|cp 


l-CJfe- 


-li 


$| 


CP 



This concludes the proof since 

9 



CP 



~ 1 for k > ||$| 



CP- 



□ 



Lemma 5.8. Lei H be a hermitian metric on Sym d E and g = H be 
the induced metric on OpE*{d). Let xi and \2 be smooth functions on 
FE* . Define hermitian metrics Hi and H 2 on Sym d E as follows: 



FEZ 



Xi(s,i) g uj r g \ 



for any x £ M and s,t E Sym d E x . There exists a constant C depends 
only on p, d, m, r, u and h such that 

\\H 1 -H 2 \\ c ,<C\\xi-X2\\&\\h\\h>(irt \\h(x)\\ ho(x) )- 2 . 

Proof. Let ei, . . . e r be a holomorphic local frame for E satisfying (15. ip . 
Then 



{?, eV 1 = d 



det(/^)EA 7 A J 



= — dX A dX. 



Therefore 
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\H 2 — -Hi 1 1 c» < C / ] II / 

./ Fibre 



Xi(e 7 ,e J )X 1 



Fibre 



X2 (^,4)^r 1 i 



CP 



<C||xi-X2||c,||det(%)||c,||^'||co 
<C\\ Xl - X2 \\ CP \\h\\cp(^ x \Hx)\\ h0(x) )- 2 . 



□ 



Proof of Theorem \3. 7[ In this proof C^i denotes a constant depends 
only on p,d,m,r,l,l'i/ and Hq that might change from line to line. 
Lemma [5.71 implies that 



-1 



9 



< ll^llc^H/ill^inf \\h(x)\\ ho{x) )- 2d < Cl d+ H^ 
cp+ 2 xex 



as long as k ^> /. Hence 

\\( u 9k(®) + _ ( u g + koj)\\ C p = | \idd\og 



9 



This implies that 



Hence 



< C 



<-io g (i-c| 



9 



I I CP 

i gfc(g) 

\cp+ 2 



< lot 



lc»4 



- 1 



Cp4 



< Civk' L . 



dfx 



g,k 



CP 





dfJ> g ,k,<s> 


< C 








9 dfjtg 


d/Ig 


C'p 


9 


CP 


djlg^k 



CP 



+ 



d[J>g,k,<S> dfi g> k,<!> 








d[J>g,k 


djlg^k dfig^k 


C'p 


9 


Cp 


d/jLg 



C'p 



< c u ,k-\ 



Note that 



d^g,k 



dfx g 



Cp 



1 for k > 0. 



Now, applying Lemma 15.81 to the functions Xi 

d ±^sm we t 

\\h(k, $) - h(k)\\ C P < C l>v \\ X i - X2\\cp < C^rk-K 
This concludes the proof. 



*f and X 2 



□ 
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6. Proof of the main theorem 

In this section, we prove Thm. 11.21 In order to do that, we want to 
apply [Si Theorem 4.6.]. Hence, we need to construct a sequence of 
almost balanced metrics on FE*, O^E*(d) <S> L® k . In order to apply [S, 
Theorem 4.6.], we also need the following. 

Proposition 6.1. (|SJ Prop. 7.1 }) Let E be a holomorphic vector 
bundle over a compact Kdhler manifold X. Suppose that X has no 
nonzero holomorphic vector fields. If E is stable, then FE* has no 
nontrivial holomorphic vector fields. 

Proof of Thm. II. ,21 Since Chow stability is equivalent to the existence 
of balanced metric, it suffices to show that (FE*, OpE*(d) <S> n*L k ) ad- 
mits balanced metric for k 3> 0. Fix a positive integer q. From now 
on we drop all indexes q for simplicity. Let be a constant scalar 
curvature Kahler metric on X and be a hermitian metric on L 
such that i<9<9 log <Too = ^>oo- Define = cr 00 e^= lfc 3r,j , where rj/s are 
given by Thm. 14.11 Therefore iddlogak = Vk,q- For the rest of the 
proof, we denote Vk,q by fk- Let t±, ...,i/v be an orthonormal basis for 

H\FE*,OvE*{d) ® L k ) with respect to L\g k <g> af , { ^^^ ). 
Thus, Cor. 14.21 implies 

Define g' k = + e k y 1 g k - We have ^ NJ'®*®* = L This im P lies 
that the metric g' k is the Fubini-Study metric on OpE*(d) ®L k induced 
by the embedding t t : FE* — > P^ -1 , where t = (ti, ...,t N ). We prove 
that this sequence of embedding is almost balanced of order q, i.e 

(co , + ku k ) m+r - 1 

where = is a trace free hermitian matrix, = j*- — >■ C r ^ 
as k ->• oo and ||MW|| op = 0(k~ q ~ 1 ). We have 

< )= / fc*;),^ L rz -tt / <**> *i> s — 



Jyh: 9 k ®*T (m + r-l)! N k J rB . xli3 '^ (m + r-1)! 



(m + r — 1)! 

where (a; / + kvk) mJrr ~ x = fk{u gk + kuk) m+r ~ l . By a unitary change of 
basis, we may assume without loss of generality that the matrix 
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is diagonal. Thus 



iiM^p^iiAa+^r 1 -!!!^. 



On the other hand, 



lay - UJ 



<Jlc> ) = \\dd\og(l + e k )\\ c o {uJo) < ||log(H-e fc )||ca (wo) 
<-\og(l-C\\e k \\ C 2 M ) = 0(k-i- 1 ). 



Therefore, 



Wfk 



1 oo 



, m+r-1 
9 k 



UJ 



m+r—l 

9k 



UJ 



, m+r—l 
9k 



m+r-1 m +r-l 
UJ i — 9k ' ' <~ r ~ 1 



9 k 



UJ 







UJ, 



m+r—l 



UJ 



, m+r—l 
9k 



< ck- q - 1 



UJ 



m+r — l 



m+r—l 
9k 



UJ 



m+r—l 




UJ 



t m+r—l 
9k 



is bounded. 



This implies that — l||oo < Ck q , since 

Hence ||/ fc (l + e^" 1 - 1|| < C' k^ 1 . Therefore ||M( fc )|| op = 0(k~ q ~ 1 ). 
Prop. 16. II implies that FE* has no nontrivial holomorphic vector fields. 
On the other hand 

II logGfo ® O - \og(hZ O < k )\\c^ o) = 0(1). 
Therefore, applying [S, Theorem 4.6.] and (14 .TP conclude the proof. □ 
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